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We proposed an unconventional Landau-Zener-Stückelberg interferometry in strongly driven two-level sys-
tems subjected to quantum noise. A general transition rate for consecutive Landau-Zener transitions was
obtained, from which we could analytically calculate interference fringes. The strong low-frequency noise
would detour the evolution paths, leading to asymmetric transition rates which caused unpredicted position
shift of the fringes and population inversions in a two-level system.
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The model of quantum two-level systems �TLSs� is used
to describe various physical systems. When a TLS is subject
to strong periodic driving, consecutive transitions between
energy levels at an avoided crossing �known as Landau-
Zener transition� occur. The phase accumulated between
transitions may result in Landau-Zener-Stückelberg �LZS�
interferometry,1 which is demonstrated in a variety of
systems.2 Recently, increasing attention has been paid on
LZS interferometry in superconducting qubits in which the
interferometry serves as an effective tool for obtaining the
parameters characterizing the qubit as well as its interaction
with the control fields and with the environment.3–7 More-
over, strong driving could allow for fast and reliable control
of the qubits, paving a way of demonstration of macroscopic
quantum coherence and implementation of practical quantum
processor.8–10

In order to demonstrate LZS interferometry, one applies
microwaves with large amplitude to the superconducting qu-
bits which can be considered as artificial two-level systems.
The superconducting qubits undergo repeated LZ
transitions11 at the avoided crossing, which act as coherent
beam splitters to separate the state into two evolution paths.
The phase accumulated from two paths coherently interfere
each other, leading to an oscillatory dependence of qubit
population in the final state on the detuning from the avoided
crossing �or degeneracy point� and the driving amplitude.

The observed conventional LZS interferometry was ad-
dressed with LZ transition theory considering either no noise
or classical noise.2,3,5 However, the superconducting flux qu-
bits usually couple with their environment very strongly. A
variety of noises may produce unexpected interference fea-
tures. For instance, it was found that the dephasing can wash
out the interference patterns by widening resonant peaks. In
order to obtain resolvable interference fringes, one needs to
use microwave with frequencies larger than the dephasing
rate �2.5,12 In this work, we studied LZS interferometry of a
strongly driven superconducting flux qubit in the quantum
noise environment. For a dc flux bias close to �0 /2, the flux
qubit exhibits a double-well energy landscape. Since the
dephasing rate is usually larger than the tunneling couple �
between the diabatic levels in the opposite wells, we con-
sider that the microwave frequency is always larger than �,
resulting Mach-Zehnder-type LZS interferometry.3 In addi-
tion, the energy spacing between the diabatic levels localized
in each well, which is on the order of the plasma frequency
�p, is much larger than �. In the presence of frequency-

dependent noise, a phase factor may be built up in the tran-
sition rate, detouring the original evolution paths and leading
to unconventional LZS interferometry with a shift of the
resonant conditions. In addition, quantum noise from envi-
ronment can generate stationary population inversion be-
tween only two qubit levels through LZ transitions. This
noise-generated population inversion in TLS is not predicted
by previous theory, although population inversion has been
demonstrated for a long time in superconducting
devices6,7,13–16 and quantum-dot system.17,18 This model can
also be applied to other two-level systems in the presence of
the quantum noise.

We start from a two-level system consisting of the two
lowest diabatic levels �1� and �0� in the left and right well
coupled with an environment bath �Fig. 1�. Such system can
be described by the Hamiltonian �we set �=kB=1�,

H1 = −
�

2
�x −

��t�
2

�z −
Q

2
�z + 	�x + HB, �1�

where � is the tunnel coupling between �1� and �0�, �x and �z
are Pauli matrices. �z= �1��1�− �0��0�. HB is the environ-
ment’s Hamiltonian and Q is quantum noise operator acting
on the environment. ��t�=�0+A cos��t� is the energy detun-
ing from the avoided crossing, where �0 is the dc component
of the energy detuning, A and � are the amplitude and fre-
quency of the microwave, respectively, and the term 	�x
expresses the relaxation process between two lowest levels.

FIG. 1. �Color online� Schematic energy diagram of a two-level
system. The periodic driving field A cos �t sweeps the system
through the avoided crossing repeatedly, building a relative phase
difference �
 �shade area� which results conventional Landau-
Zener-Stückelberg interference between �0� and �1�. The vertical
solid arrows mark the resonant condition n�=�0 for the stationary
population transition.
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First of all we calculate the LZ transition rate between
two lowest levels in the long system dynamics time
t�1 /�2 by ignoring the relaxation term between two
levels since it is very small �We will involve the relaxation
in Eq. �11� when discuss the system dynamics.�. We
take an interaction picture with respect to HB and then re-
write the Hamiltonian in the rotating frame where
T exp�i /2	0

t �Q���+������zd�
��→ �� ��� is the state vec-
tor in the laboratory frame�,

H2�t� = −
�

2
U�t�U+

†�t�U−�t��1��0� + H.c., �2�

where Q�t�=eiHBtQe−iHBt, U�t�=T exp�−i /2	0
t ����d��, and

U��t�=T exp���i /2�	0
t Q���d�� with T expressing the time

ordering. It should be noticed that after the rotating transfor-
mation the qubit states �1� and �0� contain a phase factor
which has no contribution to any observable. Comparing
with the Hamiltonian of the general two-level system,2 we
have extra factor U+

†�t�U−�t�, which can lead interesting phe-
nomena because of the coupling to many degrees of freedom
of the environment.

When the LZ transition rate between �1� and �0� is much
less than W, which is the noise induced resonant width and
represents the dephase rate �2,19 we can calculate the LZ
transition rate in the perturbation theory by treating the
Hamiltonian H2 as perturbation. Averaging over all environ-
ment mode, we obtain the LZ transition rate from the state
�0� to �1�:

W01�t� =
dP�t�

dt
,

P�t� =��
0

t

dt1�
0

t

dt2�0�H2�t2��1��1�H2�t1��0� . �3�

Here �¯ ��TrB��B. . .
, �B is the density matrix of the envi-
ronment in equilibrium. Then we introduce the relationship
e−i�A/��sin �t=�Jn�A /��ei�nt. For ���, the nonresonant ex-
ponent terms caused by Bessel function oscillate very fast
compared to the long time scale of the dynamics. The effect
of the nonresonant terms can therefore be neglected for the
long-time system dynamics. In this case, we can evaluate,

P�t� =
�2

4 �
n

Jn
2�A/���

0

t

dt1�
0

t

dt2ei��0−n���t2−t1�

� �U−
†�t2�U+�t2�U+

†�t1�U−�t1�� . �4�

We assume the environment bath can be described by the
Gaussian distribution. Therefore, all average can be
expressed by the spectral density of the noise Q�t�,
which is defined as S����= 1

2�	−�
� dtei��t�Q�t�Q�0��. For

classical noise, S����=S�−��� while for quantum noise
S�����S�−���. Then we can calculate the correlation func-
tion in Eq. �4� by expanding U��t� to the second order in
Q�t�, averaging and exponentiating the result. That gives

�U−
†�t2�U+�t2�U+

†�t1�U−�t1�� � exp� 1

2
�

t2

t1

dt���
0

t2

dt��Q�t��Q�t��� − �
0

t1

dt��Q�t��Q�t����� . �5�

With the spectral density S����, we can simplify Eq. �5� as

�U−
†�t2�U+�t2�U+

†�t1�U−�t1�� � exp�� d��S����
e−i��� − 1 + i2 sin

���

2
cos ��t�

��2 � ,

where �= t2− t1 and t�= �t2+ t1� /2. Then we can change Eq.
�4� to

P�t� �
�2

4 �
n

Jn
2�A

�
��

0

t

dt��
−t̃

t̃

d�ei��0−n���

� exp�� d��S����
e−i��� − 1 + i2 sin

���

2
cos ��t�

��2 � ,

where t̃=min�2t� ,2�t− t���. With Eq. �3�, we obtain20

W01�t� �
�2

4 �
n

Jn
2�A

�
��

−t

t

d�ei��0−n���

� exp�� d��S����
e−i��� − 1 + i2 sin

���

2
cos ��t

��2 � .

�6�

This is the general LZ transition rate in strong driving with
high-frequency microwave under environment noise. Simi-
larly, we can calculate W10��0�=W01�−�0�. From Eq. �6�, we
know that the contributions mainly come from the low-
frequency part of the environment noise. Under the station-
ary condition, the time scale of the dynamics t is large rela-
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tively to 1 /W. In this case, if the noise is frequency
independent �white� in low-frequency regime �� /2��1 / t
�Ref. 21� which has S�����S�0�, we can extend the integra-
tion boundaries of Eq. �6� to � and integrate it, obtaining the
LZ transition rate described by the sum of the Lorentzian-
shaped n-photons resonance,

W01 =
�2

2 �
n

WJn
2�A

�
�

��0 − n��2 + W2 , W = �S�0� . �7�

This exactly describes the conventional LZS interference
with the same result of classical noise model5 so as to verify
our theory. From Eq. �7�, the effect of the classical noise is
widening the resonant peaks thus smearing the interference
patterns.

Much more interesting phenomena can be observed with
presence of the frequency-dependent strong low-frequency
noise. If the noise is dominated by 1 /�� spectral in low-
frequency part ���1 /� in Eq. �6� �i.e., the noise is strong in
the low-frequency regime�, we only need to consider the first
three terms from the power series expansion in ��� in Eq.
�6�. When t�1 /W and S���� is asymmetric in ��, we can
change Eq. �5� into

�U−
†�t2�U+�t2�U+

†�t1�U−�t1��

� exp�i�p�t��t2 − t1� − W2�t2 − t1�2/2
 �8�

so as to get the transition rate described by the sum of the
Gaussian-shaped n-photons resonance,

W01 =��

8

�2

W
�

n

Jn
2�A

�
�exp�−

��0 − n� − �p�t��2

2W2 � , �9�

where W2=	d��S����, �p�t�=P	d�
S����

��
�1−cos ��t�, and

�p�t���p�t��0� represents quantum component of low-
frequency noise. Using similar procedure, we can also obtain
the transition rate from �1� to �0� W10��0�=W01�−�0�. These
are the transition rates in the presence of strong low-
frequency quantum noise. We define the character frequency
�c under which the spectrum S���� possesses most of noise
energy. For a typical �c, the contribution of low-frequency
noise can be separated into three relevant regimes: �a�
�ct�1, �p�t��0; �b� �ct�1, �p�t� shows oscillatory in-
crease because of the sinusoidal time dependence of
�p�t�; �c� �ct�1, the integral contains many oscillations
of the sinusoidal function and therefore vanishes so
�p�t�=�p0=P	d�

S���
� . Therefore, 1 /�c represents the charac-

ter time within which the quantum effect of the environment
is effective. The discussions hereafter are focused in the re-
gime �c� where �p�t�=�p0.

When S���� is symmetric in ��, �p�t� may disappear and
we have

W01 = W10 =��

8

�2

W
�

n

Jn
2�A

�
�exp�−

��0 − n��2

2W2 � .

�10�

This collapses to the result of low-frequency classical noise
which is similar to Eq. �7� but with the sum of the Gaussian-

shaped resonances. Comparing Eqs. �9� and �10�, we find
that quantum noise not only broadens the resonant peaks but
also adds an additional energy detuning �p0 to them. The
quantum noise thereby shows remarkably different effects
compared with that of the classical noise. The origin of the
novel features comes from the extra off-diagonal factor
U+

†�t�U−�t� in Eq. �2�. U+
†�t�U−�t� moves the symmetric split-

ting � formed by �0� and �1� at the degeneracy point �=0
�Fig. 1� to energy detuning A��=−�p0� and B��=�p0�,
respectively22 �Fig. 2�a��, with asymmetric transition rates
W01 and W10. At A�B�, only �1� ��0�� can be split to the
superposition of �1� and �0� while �0� ��1�� is not split. That
means A �B� is a beam splitter only working for �1� ��0��.
Furthermore, as seen from Eq. �8�, under the strong low-
frequency quantum noise U+

†�t�U−�t� produces a phase accu-
mulation i�p0t, which influences the interference phase accu-
mulation and the total phase accumulation. Therefore,
quantum noise will modify the interference and resonant
conditions.

Now we investigate the LZS interferometry in the low-
frequency quantum noise �Fig. 2�a��. The system is initial-
ized in state �1� at �=�0 �solid circle�. Microwave sweeps the
state along �1� �solid arrow�. By reaching point A �time t1�
where �=−�p0, �1� is split into the superposition of �1� and
�0�, collecting different phases in two paths. When they are
driven back to A �time t2�, �1� is split into �1� and �0� again.
However, different from the conventional LZS interferom-
etry, �0� will not be split. Because A is not a beam splitter for
�0�. This is the key of the asymmetric LZ transition rates in
Eq. �9�. Evolving independently, �1� and �0� accumulate a
relative phase difference �
qs, marked with the dark shade
�blue online� region plus light shade �yellow online� region.

FIG. 2. �Color online� �a� Schematic energy diagram to generate
“unconventional” Landau-Zener-Stückelberg interferometry in the
presence of strong low-frequency noise. The dashed arrows mark
the multiphoton resonant transition from �1� to �0�. �b� Effectively,
the noise changes the resonant condition n�=�0 to n�=�0+�p0 ��1�
to �0�� and n�=�0−�p0 ��0� to �1��. For a microwave with fixed
frequency, the flux biases resonant with �1� to �0� transition are
usually far off resonant with �0� to �1� transition. Therefore, station-
ary population can build up in �0� state and generate population
inversions at those flux biases.

LANDAU-ZENER-STÜCKELBERG INTERFEROMETRY IN… PHYSICAL REVIEW B 82, 045128 �2010�

045128-3



However, the effective phase difference contributing to the
interference at A is �
qa �blue region� since quantum noise
eliminates part of the phase �yellow region�. Then the qubit
state is driven to point B and similar procedure happens,
leading to an effective phase difference �
qb.

The interference phase caused by A is �
qa

=	t1
t2dt���0�−��1�+�p0�, where ��1�=−��t� /2, ��0�=��t� /2.

The total phase gained over one period referring to A
is 
A=�dt���0�−��1�+�p0�=2���0+�p0� /�. Similarly
the total phase gained over one period referring to B is 
B
=�dt���1�+�p0−��0��=2���0−�p0� /�. Consecutive pairs of
LZ transitions interfere constructively when 
A or 
B=2�n.
Therefore, the resonant transition from �1� to �0� �from �0� to
�1�� will occur at �0=n�−�p0��0=n�+�p0� �Fig. 2�b��. The
energy conservation is satisfied in the unconventional way
for these transitions. For �1� to �0� �Figs. 2�a� and 3�, n pho-
tons with frequency � are absorbed. The total energy
n�=�0+�p0 is larger than the energy �0 needed to excite the
qubit. The excess energy �p0 is flowing into the low-
frequency environment. Similarly, the qubit emits n photons
with energy n�=�0−�p0 and the excess energy �p0 is also
flowing into the low-frequency environment. In contrast, for
a conventional LZS interferometry shown in Fig. 1, the paths
may not be detoured and �p0=0 so that the resonant condi-
tions of �1�→ �0� and �0�→ �1� are the same, just as described
by the LZ transition rates in Eqs. �7� and �10�. Then the
unconventional LZS interferometry shown in Fig. 3�a� is de-
scribed by the LZ transition rate in Eq. �9�.

In order to get the stationary interference fringes in
strong low-frequency noise, we employ a rate-equation
approach considering the energy relaxation to the
environment.5 The level occupations p0,1 obey pi=� jmi,jpj,
where m01=−m11=W01+�1�, m10=−m00=W10+�1. �1=1 /T1,
and �1�=�1e−��0 are the spontaneous down and up interwell
relaxation rates between �1� and �0�. The population of �0� is

p0 =
W10��0� + �1�

W01��0� + �1� + W10��0� + �1
. �11�

Using Eq. �11�, we simulate the stationary population of �0�
�Fig. 3�, which exhibits not only the shift of the resonant
peaks but also population inversion.

From Einstein AB coefficient theory, for a quantum TLS
driven by rf electromagnetic field, the population in the
lower state is always larger than that in the higher state at
equilibrium. Therefore, the largest population in the higher
state is 0.5. If the population in the higher state is larger than
0.5, population inversion happens. The population inversion
has important application in laser. In general, more than two
levels are usually required to generate population
inversion.6,13,14 However, It is interesting that the low-
frequency quantum noise can produce the population inver-
sion in TLS. For experiments at sub-Kelvin temperature
��20 mK�,3,5,7 the typical parameters of the two lowest
levels in different wells are � /2��8–10 MHz,
�1�1–0.05 MHz, and �2�2000–100 MHz �the left and
right boundaries of these parameters come from the same
experiment�. Therefore, �2 /W��1. In this case when
�0=n�−�p0, and the resonant condition from �0� to �1� is not
fulfilled, at suitable microwave amplitude, �1 and W01 are
much smaller than W10. Hence there will be less population
transferred from �0� to �1�, and a stationary population inver-
sion will happen with p0 larger than 0.5 and even close to 1
�Fig. 3�. However, sometimes two resonance conditions are
close, the transitions at A and B will influence the population
transition together and the interference patterns will become
complicated.

In a recent experiment,7 LZS interference was observed in
an rf superconducting quantum interference device. The
fringe of interference patterns were different from the con-
ventional LZS interference because the resonant peaks de-
tuning values �n did not meet �n�n. Moreover, population
inversion was observed. Considering the fact that the qubit is
strongly subjected to the low-frequency noise due to large
geometry size,23–25 our theory provides a natural and pos-
sible explanation to the experimental results. As shown in
Fig. 3, the simulated stationary population agrees well with
the experimental results.7

We emphasize that population inversion described here
differs from the “dress-state population inversion” proposed
in quantum dot system and population inversion in other
nomial TLS.15–18 Here the unconventional LZS interferom-
etry driven by the strong field serves as a tool to realize the
population inversion. Therefore, we can control the popula-
tion inversion by adjusting microwave amplitude, frequency,
and energy detuning. In addition, the population inversion in
our theory does not rely on the explicit structure of the en-
vironment bath and the spectral density. Therefore, it is
easier to be implemented in superconducting systems and
other TLS system, thus supplying a more convenient way for
the application of lasing and microwave cooling. We also
notice that the shift of the peaks of macroscopic resonant
tunneling has been reported and used to diagnose the noise
of superconducting qubits.23,24 Actually, the resonant tunnel-
ing corresponds with zero power case of our theory.22 With

FIG. 3. �Color online� Three-dimensional view of the depen-
dence of the population in the qubit level �0� in the right well as
function of flux detuning and microwave amplitude. x, y, and z axes
represent microwave amplitude, the qubit flux detuning, and the
population in �0�, respectively. Strong population inversion due to
LZ transition is clearly demonstrated. Strong population inversion
based on one-, two-, and three-photon absorption due to LZS inter-
ference is clearly observed. The parameters for the qubit are
� /2�=0.1 GHz and the microwave frequency � /2�=15.9 GHz,
the temperature T�20 mK, �p0 /2��12 GHz, W /2��3 GHz,
and the interwell relaxation time T1�1 �s.
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microwave driving, the shift of the microwave resonant
peaks can also be used to analyze the noise property. In
general, microwave generated LZS interferometry is more
robust than resonant tunneling. Furthermore, we can tune the
frequency and amplitude of the microwave. The flexibility
together with the higher resolution makes the LZS interfer-
ence a better tool to diagnose the noise in qubits.

In summary, we have investigated unconventional LZS
interferometry in the presence of quantum noise. The transi-
tion rate induced by consecutive LZ transitions is obtained,
from which LZS interferometry can be analytically calcu-
lated based on rate equation. In the presence of significant
frequency-dependent noise, the evolving paths for collecting

phase difference are going to be detoured and the position of
the resonant peaks is shifted. The resulted unconventional
LZS interferometry can be formed and a stationary popula-
tion inversion in TLS without involving the third qubit state
is generated. The interferometry can be used to investigate
the noise property hence the decoherence source of the sys-
tem. In addition, the stationary population inversion may find
application in lasing and microwave cooling.
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